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In a recent experiment, Milliken et al. demonstrated pos-
sible evidence for a Luttinger liquid through measurements of
the tunneling conductance between edge states in the ν = 1/3
quantum Hall plateau. However, at low temperatures, a dis-
crepancy exists between the theoretical predictions based on
Luttinger liquid theory and experiment. We consider the
possibility that this is due to long-range Coulomb interac-
tions which become dominant at low temperatures. Using
renormalization group methods, we calculate the cross-over
behaviour from Luttinger liquid to the Coulomb interaction
dominated regime. The cross-over behaviour thus obtained
seems to resolve one of the discrepancies, yielding good agree-
ment with experiment.
PACS numbers: 72.10.-d, 72.10.Fk, 73.20.Dx, 72.15.Rn
Recent progress in semiconductor nanostructure fab-
rication technology has ushered us into a world of re-
duced dimensionality which includes one-dimensional
quantum wires, two-dimensional electron systems like
GaAs/AlGaAs heterostructures and so on. In addition,
the discovery of high-Tc superconductors, in which we
believe the physics of correlated electrons is at the ori-
gin of the many interesting and novel properties such as
non-Fermi liquid like normal phase behaviour, has in-
creased our interest in strongly correlated electron sys-
tems. Accordingly, the properties of one-dimensional in-
teracting electron systems have been studied in great
detail [1,2]. In one-dimension, inclusion of short-range
electron-electron interactions leads to the strongly cor-
related electron systems known as Luttinger liquids [3].
Recently, Kane and Fisher [4,5] have studied the trans-
port properties of a Luttinger liquid in the presence of
a local impurity. The physical realization of this system
in terms of tunneling between quantum Hall edge states
is a particularly clean example of ‘boundary critical phe-
nomena.’
K. Moon et al. [6] have investigated the resonant tun-
neling between quantum Hall edge states and numerically
computed the universal resonance line shape, obtaining
results close to the exact result subsequently discovered
by Fendley et al. [7]. These results show reasonable agree-
ment with the experiment done by Milliken et al. [8] pro-
vided that the data is normalized [9] to achieve the cor-
rect peak value (1/3)(e2/h). However, at very low tem-
peratures, there is an additional discrepancy in that the
tunneling conductance falls below the theoretical predic-
tions.
Recently, Oreg and Finkel’stein [10] have considered
the effect of the inter-edge Coulomb interaction on the
propagation of the edge modes in samples with constric-
tions.
In this paper, we study the effects of residual long-
range Coulomb interactions on the transport properties
of a Luttinger liquid using a renormalization group analy-
sis and show that these residual interactions may explain
the discrepancy between theory and experiment at low
temperatures.
In the following, we assume that the bulk system ex-
hibits the fractional quantum Hall effect with filling fac-
tor ν (= 1/n, where n is an odd integer). Since there
is a charge excitation gap in the bulk, the low tempera-
ture physics is controlled by the gapless edge excitations
[11,12]. Consider a quantum Hall bar with width w and
length L(> w) as illustrated in Fig.1. In the quantum
Hall bar geometry, electrons at the two edges are mov-
ing in opposite directions. The Lagrangian for the two
corresponding edge excitations including the long-range
Coulomb interactions [6,19] is given by two-coupled chi-
ral Luttinger liquids
L = 1
4πν
∫
dx{
∂xφR(i∂τφR + v∂xφR)− ∂xφL(i∂τφL − v∂xφL)
}
+
1
8π2
∫
dxdx′
∑
i=R,L
Va(x− x′)∂xφi ∂x′φi
+
1
4π2
∫
dxdx′Vw(x− x′)∂xφR (−∂x′φL), (1)
where v is the bare sound velocity of the edge wave
and R(L) specifies right(left)-moving electrons. The first
term corresponds to the Lagrangian for pure chiral Lut-
tinger liquids for the right and left-movers. The sec-
ond and third terms describe the intra- and inter-edge
Coulomb interactions, respectively. The operators φR
and φL satisfy the following commutation relations
[φR(x), φR(x
′)] = −[φL(x), φL(x′)] = −iπνǫ(x− x′), (2)
where ǫ(x) = 1(−1) for x > 0(< 0) and the intra- and
inter-edge Coulomb interactions are given by
1
Va(x) =
e2
ǫ
√
x2 + a2
, Vw(x) =
e2
ǫ
√
x2 + w2
(3)
where a is an ultraviolet cutoff on the scale of the mean
particle spacing and ǫ is the dielectric constant. We de-
fine symmetric and antisymmetric modes
θ ≡ 1
2
√
π
(φR − φL) , φ ≡ 1
2
√
π
(φR + φL) (4)
where the θ(x)- and φ(x)-fields satisfy the following al-
gebra
[θ(x), φ(x′)] = −i ν
2
ǫ(x− x′). (5)
In the experiment, current is injected from source to
drain as shown in Fig.1 and the voltage drop VSD is
measured, from which longitudinal conductance can be
obtained. The net current J(= JR − JL) and charge op-
erators ρ(= ρR+ρL) are related to the φR- and φL-fields
as follows
ρ =
1
2π
(∂xφR − ∂xφL) = 1√
π
∂xθ, (6)
J =
1
2π
(∂xφR + ∂xφL) =
1√
π
∂xφ. (7)
Following the above transformation and subtracting and
adding Vw(x), we obtain the following Lagrangian
L = v
2ν
∫
dx
(
(∂xθ)
2 + (∂xφ)
2
)
+
1
2π
∫
dxdx′Vw∂xθ ∂x′θ
+
1
4π
∫
dxdx′(Va − Vw)(∂xθ ∂x′θ + ∂xφ∂x′φ). (8)
Upon Fourier transformation and taking the long wave-
length limit (k < w−1), one obtains the following La-
grangian
L ∼= vR
2ν
∫
dk k2 [λ(k)|θ˜|2 + |φ˜|2] (9)
where vR is a renormalized sound velocity given by
vR = v
[
1 +
να
πǫ
c
v
ln(
w
a
)
]
, (10)
α is the fine structure constant and λ(k) is given by
λ(k) = 1 + 2χ ln
[
2
kw
]
, (11)
where we have defined the following dimensionless pa-
rameter χ which is a measure of the strength of inter-edge
Coulomb interactions
χ ≡ να
πǫ
(
c
vR
)
. (12)
Hence we obtain the generic Luttinger liquid La-
grangian with a renormalized sound velocity vR plus the
inter-edge Coulomb interaction term, which gives λ(k) a
logarithmic divergence at small wavevectors.
Since ∂xθ/ν is canonically conjugate to the φ-field from
Eq.(5), it is convenient to integrate out the θ(x)-fields
and obtain the following Euclidean action for the φ(x)-
fields
SE ∼= vR
2ν
∑
ωn
∫
dk
{
k2 +
1
λ(k)
(
ωn
vR
)2}
|φ˜|2 (13)
where ωn = 2nπ/β is a Boson Matsubara frequency. One
can now directly read off the dispersion relation for the
edge magnetoplasmon
h¯ω = vRk
√
1 + 2χ ln
[
2
kw
]
(14)
which agrees with the one obtained by M. Wassermeier et
al. [13]. For small k, the linear dispersion relation, which
is a characteristic of a Luttinger liquid, is modified to
k
√
| ln k|.
Now we are ready to study the transport through a
narrow constriction defined electrostatically by gates on
both sides near the middle of a quantum Hall bar as
shown in Fig.1. Since the right- and left-movers are spa-
tially close together near the constriction, tunneling from
one edge to the other can occur. Using a renormalization
group analysis, Kane and Fisher [4] showed that for weak
back scattering, the effective barrier strength is renormal-
ized to be
veff ∼= v0
T 1−ν
. (15)
Hence, as the temperature is lowered, the effective barrier
strength grows and the perturbative RG analysis based
on the weak barrier limit breaks down. Furthermore the
effects of Columb interactions become important in this
regime. In this strong barrier limit, the main contribu-
tions to the transport come from weak electron transmis-
sion as opposed to the quasiparticle tunneling between
edges which occurs in the weak barrier limit [6,11]. Since
the electron creation operators ψ†R(x) and ψ
†
L(x) are re-
spectively given by eiφR(x)/ν and e−iφL(x)/ν , the electron
transmission operator can be written ei(φL(x)+φR(x))/ν ∼=
ei2
√
πφ/ν [6,11]. Hence we have the following tunneling
action Ht (taking the tunneling to occur only at x = 0)
Ht = −t
∫ β
0
dτ cos(2
√
πφ(τ)/ν). (16)
Using momentum-shell RG analysis, we obtain the fol-
lowing RG flow
2
dt
dℓ
=
[
1− 2
νπ
∫ ∞
0
dk
Λ
Λ2/λ(k) + k2
]
t (17)
with Λ ∼= e−ℓ. At finite temperature, the renormaliza-
tion group flow is cut-off at Λ ∼= T/aT where aT is a di-
mensionless number of order unity. After integrating the
above RG equation up to Λ ∼= T/aT , we obtain the fol-
lowing effective (renormalized) tunneling amplitude teff
teff ∼=


t0
T0
T exp
{
− 13νχ
[(
1 + 2χlnT0T
)3/2
− 1
]}
t0
(
T0
T
)1−1/ν
(18)
where T0 ≡ 2aT h¯vR/w is the cross-over temperature
scale from Luttinger liquid to the inter-edge interaction
dominated regime, and the upper expression is valid for
T ≤ T0 while the lower applies for T ≥ T0. At low tem-
peratures in the tail of the resonance, the conductance
G0C can be obtained from the single particle hopping (or
one-loop level) and is proportional to t2eff
G0C
∼= t20
(
T0
T
)2
exp
{
− 2
3νχ
[(
1 + 2χln
T0
T
)3/2
− 1
]}
.
(19)
In the absence of inter-edge Coulomb interactions (i.e.
χ → 0), we recover the familiar Luttinger liquid be-
haviour [4]
G0L ≡ G0C(χ→ 0) ∼= t20
(
T0
T
)2(1−1/ν)
. (20)
In the extreme Coulomb interaction dominated regime
(χ≫ 1), Eq.(19) reduces to the following result
G0C(χ≫ 1) ∼= t20
(
T0
T
)2
exp
{
− 2
3ν
√
2χ
(
ln
T0
T
)3/2}
(21)
which L.I. Glazman et al. [14] obtained by studying the
transport properties of a charge density wave through a
single barrier. The underlying physics can be understood
as follows. We know that the Luttinger liquid with ν < 1
has a charge density wave (CDW) correlation function
which decays algebraically with distance. In the pres-
ence of the Coulomb interaction, the CDW correlation
function decays slower than any power law [15]. Since
a CDW is easily pinned by even a single impurity, one
can expect the conductance to be further reduced in the
presence of Coulomb interactions.
The universal resonance line shape GL for the Lut-
tinger liquid with short range interactions at ν = 1/3 was
obtained previously by K. Moon et al. [6] using Monte
carlo methods and subsequently the exact solution was
obtained by Fendley et al. [7]. Using Eq.(20) and Eq.(19)
one can calculate the tunneling conductance in the pres-
ence of Coulomb interactions by taking into account the
leading corrections in the following approximate way
Gχ(T ) ∼=
{
GL (G
0
C/G
0
L) for T ≤ T0
GL for T ≥ T0. (22)
The conductance Gχ(T ) thus obtained has no explicit
dependence on the bare tunneling amplitude t0 and sat-
isfies the following properties. When the tunneling am-
plitude is very small, GL/G
0
L approaches unity and the
conductance is given by G0C as expected. At relatively
high temperatures, since the thermal correlation length
(ξβ ∼= vh¯/2πTν) is rather short and the long-range
Coulomb interaction is less effective, G0C/G
0
L becomes
1 and the conductance is given by the Luttinger liquid
value GL. We want to emphasize that there exist two
crossover scales [16]. In addition to the scale T0, describ-
ing the onset of Coulomb interaction, there is also the
scale T1 (∝ v1/(1−ν)0 ), which governs the crossover from
the weak to the strong barrier regime. Following Eq.
(22), for T ≤ T0 ≤ T1, the conductance can be written
G˜χ
[
T1
T
,
T0
T
]
= GL
[
T1
T
]
Fχ
[
T0
T
]
(23)
where GL is the Luttinger liquid contribution and the
function Fχ is given by
Fχ(x) = x
2/ν exp
{
− 2
3νχ
[(
1 + 2χlnx
)3/2
− 1
]}
. (24)
One can clearly see in Eq.(23) the breakdown of single-
variable scaling due to the existence of the additional
Coulomb scale T0.
Now we want to compare our results with the recent
experiment by Milliken et al. [8]. The experiment is per-
formed on a GaAs/AlGaAs heterostructure. A point
contact gate voltage applied in the middle of the sam-
ple pinches off a narrow channel. The bulk system is in
the ν = 1/3 fractional quantum Hall regime. Fine tun-
ing of the gate voltage produced several resonance peaks
and they measured the temperature dependence of the
tunnelig conductance. The nominal size of the quantum
Hall bar is roughly 60 × 60µm2 and dielectric constant
ǫ ∼= 13.
The mean electron density n is about 1.0× 1011cm−2.
Hence the mean particle spacing a is approximately 300A˚
and the edge wave velocity vR is about 10
5m/sec [17,18].
Using the parameters above, fixes χ ∼ 0.18. In Fig.2, the
experimental data obtained by Milliken et al. [8] are com-
pared to our results showing nice agreement with a best
fit value for the cross-over temperature T0 of about 60
mK which gives aT ≈ 2.5 close to unity as expected and
T1 is chosen to be 60 mK. The somewhat poorer data col-
lapse in the tail of the scaling curve at low temperatures
might be a manifestation of the breakdown of scaling in
terms of a single variable due to Coulomb interactions.
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Unfortunately, we can not know for certain at this
point how significant this good fit (using essentially one
additional parameter) really is. While the nominal sam-
ple geometry is a 60µ square, the actual edge geometry
under the near pinch-off conditions of the experiment is
unknown. At the cross over temperature, the thermal
correlation length is only about 15µ so that the asymp-
totic long-distance approximation (k < w−1) is not likely
to be valid. In addition, the sample has a back gate,
which presumably screens out the long-range piece of
Coulomb interaction leading to the dipole-like interac-
tion (∝ 1/r3) [19,8].
Nevertheless, the fact that a good fit is obtained with
physically reasonable values of the parameters lends cre-
dence to the idea that long range Coulomb forces are
playing a significant role at the lowest temperatures.
Clearly however, more experimental studies with well-
defined geometries are needed to address these issues.
In conclusion, we have approximately computed the
cross-over from the Luttinger liquid to the inter-edge
Coulomb interaction dominated regime of a quantum
Hall bar with back scattering at a narrow constriction.
It is clear that further experiments on narrower samples
with well-characterized geometries would be very useful
in probing this interesting phenomenon.
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FIG. 1. Schematic diagram for a quantumHall bar of width
w and length L. The gates G are placed in the middle of the
Hall bar to make a narrow constriction. Charges can tunnel
through the barrier or be reflected. The source S and drain
D are located at each end of the bar.
FIG. 2. The (+) symbols correspond to the experimental
data obtained by Milliken et al. and the open circles are
from the Monte Carlo data by K. Moon et al. based on the
Luttinger liquid theory. The solid curves are obtained by
taking χ ≈ 0.18 and T1 (∼ T0) is chosen to be about 60 mK.
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